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CONVERGENCE OF STOCHASTIC-EXTENDED LAGRANGIAN
MOLECULAR DYNAMICS METHOD FOR POLARIZABLE FORCE
FIELD SIMULATION
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Abstract. Extended Lagrangian molecular dynamics (XLMD) is a general method for perform-
ing molecular dynamics simulations using quantum and classical many-body potentials. Recently
several new XLMD schemes have been proposed and tested on several classes of many-body po-
larization models such as induced dipoles or Drude charges, by creating an auxiliary set of these
same degrees of freedom that are reversibly integrated through time. This gives rise to a singu-
larly perturbed Hamiltonian system that provides a good approximation to the time evolution of
the real mutual polarization field. To further improve upon the accuracy of the XLMD dynamics,
and to potentially extend it to other many-body potentials, we introduce a stochastic modification
which leads to a set of singularly perturbed Langevin equations with degenerate noise. We prove
that the resulting Stochastic-XLMD converges to the accurate dynamics, and the convergence rate
is both optimal and is independent of the accuracy of the initial polarization field. We carefully
study the scaling of the damping factor and numerical noise for efficient numerical simulation for
Stochastic-XLMD, and we demonstrate the effectiveness of the method for model polarizable force
field systems.
Key words. Extended Lagrangian; Molecular dynamics; Polarizable force field; Singularly
perturbed system; Hamiltonian system; Langevin dynamics
1. Introduction. Molecular dynamics (MD) simulations often require solving
a linear or nonlinear system repeatedly for certain latent variables. For ab initio
molecular dynamics simulations [19], the latent variable is the electron density. At
each MD step, the electron density needs to be obtained by the self-consistent solution
of the Kohn-Sham equations [12, 14], which are a set of nonlinear eigenvalue equations.
In classical molecular dynamics simulation with a polarizable force field [8, 1], it is
the induced dipole or Drude charge that needs to be evaluated through the solution
of a linear system, typically solved to self-consistency for large systems.
In a simplified mathematical setting, the problem can be stated as follows. Let
r ∈ Rd be the collection of atomic positions, and x ∈ Rd′ be the collection of latent
variables such as the induced dipoles. Let U(r) be a smooth external potential field
involving only the atomic positions, which gives the external force
F (r) = −∂U
∂r
(r).
Let Q(r, x) be the interaction energy involving both the atomic position and the latent
variable, and we assume Q is smooth. For a given r, the latent variable x is determined
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by the following equation
∂Q
∂x
(r, x) = 0. (1.1)
We assume the solution to (1.1) is unique for all r ∈ Rd. The molecular dynamics
simulation requires the solution of the following differential-algebraic equations (DAE)
system
r¨?(t) = F (r?(t))− ∂Q
∂r
(r?(t), x?(t)), (1.2a)
0 = −∂Q
∂x
(r?(t), x?(t)), (1.2b)
subject to certain initial conditions r?(0), r˙?(0). Here the subscript ? is used to indi-
cate the exact solution of Eq. (1.2). Note that the initial condition for x is not needed
since it can be determined from r?(0) through Eq. (1.2b) (recall that a unique solu-
tion is assumed). To simplify the notation, we assume the mass is unity for all atomic
degrees of freedom. Unless otherwise specified, we shall drop the explicit dependence
on the time variable t below, and without loss of generality we assume d′ = d.
The polarizable force field simulation in classical molecular dynamics is an in-
teresting and a particularly suitable case for analysis, since Q(r, x) becomes just a
quadratic function with respect to the polarization field x:
Q(r, x) =
1
2
x>A(r)x− b(r)>x. (1.3)
Here for each r, A(r) is a positive definite matrix, with its smallest eigenvalue uni-
formly bounded above 0. Hence the solution x(r) is unique for all r. We also assume
the mappings b : Rd → Rd and A : Rd → Sd++ are smooth. Eq. (1.1) is then reduced
to a simple linear equation
A(r)x = b(r). (1.4)
This will greatly simplify our analysis in the results below.
Eq. (1.2b) or (1.4) is an algebraic system that needs to be solved at each MD
time step. In molecular dynamics simulation, we are generally more interested in
the accuracy of the trajectory of atoms r(t) than that of the latent variables x(t).
In the past decade, new types of integrators called the extended Lagrangian Born-
Oppenheimer molecular dynamics (XL-BOMD) method [20] (initially called the time
reversible molecular dynamics (TRMD) method [23]) have been developed. The main
idea of XL-BOMD is to write down an extended Lagrangian for the latent variable.
Instead of being solved through an algebraic system at each time step, the latent
variables are evolved together with the atomic positions. XL-BOMD differs from pre-
vious extended Lagrangian molecular dynamics (XLMD) integration schemes such as
Car-Parrinello molecular dynamics [7] by eliminating the coupling or mass parameter
of the latent variables. Numerical results demonstrate that this strategy can signif-
icantly reduce the number of self-consistent iterations [23, 20, 2], and in some cases
fully eliminate the need for performing self-consistent iteration altogether [21, 4, 3].
Following Eq. (1.2), the extended Lagrangian for the XL-BOMD approach takes
the general form
Lε =
1
2
|r˙ε|2 + ε
2
|x˙ε|2 − U(rε)−Q(rε, xε). (1.5)
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The corresponding Euler-Lagrange equation yields
r¨ε = F (rε)− ∂Q
∂r
(rε, xε),
εx¨ε = −∂Q
∂x
(rε, xε).
(1.6)
Note that initial conditions for xε and x˙ε are needed for (1.6): xε(0) is often prescribed
by solving the algebraic equation 0 = −∂Q/∂x(rε(0), xε(0)) and x˙ε(0) can be obtained
by differentiating Eq. (1.2b) and then let t = 0. Eq. (1.6) is a Hamiltonian system,
and it can be discretized with symplectic or time-reversible integrators to obtain long
time stability [9]. When ε is sufficiently small, we may expect that the solution of
Eq. (1.6) to closely follow the exact dynamics. On the other hand, the value of
√
ε
(which may include an additional multiplicative factor that can be viewed as a mixing
parameter) provides an upper bound of the time step of the numerical integrator [20,
4, 3]. Therefore it is desirable to choose ε not too small in practice. Although Eq. (1.6)
introduces a systematic error in terms of ε per step, hence sacrificing the accuracy
of x(t) to some degree, with a properly chosen ε, XL-BOMD often outperforms the
discretized original dynamics in terms of efficiency and long time stability while still
maintaining the accuracy for r(t).
From a mathematical point of view, the equations of motion (1.6) can be viewed
as a set of singularly perturbed equations. To the best of our knowledge, the conver-
gence of the general XL-BOMD schemes (1.6) as ε→ 0 has not been established other
than in the linear response regime [18], where the coupled system can be exactly diag-
onalized. It is difficult to generalize the analysis to nonlinear systems. Another issue
associated with Eq. (1.6) is that the equation is free of dissipation. Hence numerical
error introduced by the initial condition for xε as well as external perturbation during
the simulation will be memorized throughout the simulation. To overcome this prob-
lem, a number of approaches have been developed. Niklasson and co-workers have
added well-designed dissipation terms to the dynamics, and though often effective,
they necessarily break time reversibility [22]. Albaugh et al. have instead introduced
Nose-Hoover thermostats for the latent variables, which greatly improves the robust-
ness of XL-BOMD since the extended system thermostat variables can also evolve
with time-reversible integration [2]. With careful consideration of extended system
thermostat formulations or dissipation that is time-reversible to high order, the result-
ing numerical schemes for XL-BOMD can be highly competitive for MD simulations,
e.g. with polarizable force fields.
In this paper we consider an alternative way to account for the needed fluctuation
and dissipation by introducing a stochastic thermostat through the following modified
XL-BOMD scheme:
r¨ξ =F (rξ)− ∂Q
∂r
(rξ, xξ), (1.7a)
εx¨ξ =− ∂Q
∂x
(rξ, xξ)−
√
εγx˙ξ +
√
2γTε1/4W˙ . (1.7b)
Here the subscript ξ = (ε, T, γ) denotes the set of parameters. T > 0 is an artificial
temperature for the latent variable, γ is an artificial friction parameter, and W˙ (t)
is the white noise. Note that the noise is degenerate and is applied only to the x
component. The scaling factors of the friction term and the noise with respect to
ε are the proper scaling relations due to the fluctuation-dissipation relation [16, 27].
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Eq. (1.7b) is a Langevin equation, and thus the system will be referred to as the
Stochastic-XLMD scheme in the following discussion.
Compared to the Nose-Hoover thermostat, the use of a Langevin thermostat
has better ergodicity properties and hence facilitates our analysis. The Langevin
thermostat does not require propagation of auxiliary variables used in the Nose-Hoover
thermostat, and hence is also computationally less expensive.
Substituting Q(r, x) from Eq. (1.3) into Eq. (1.1), (1.6), and (1.7), we arrive
at the exact dynamics, XL-BOMD, and Stochastic-XLMD for the polarizable force
field, respectively. In particular, (1.6) together with the form (1.3) provides an al-
ternative derivation of the recently developed inertial extended Lagrangian without
self-consistent field iteration (iEL/0-SCF) method [4, 3]. The form of the Stochastic-
XLMD for polarizable force fields will be given explicitly in Eq. (2.3) in section 2.
Contribution: The main contribution of this paper is to prove that for the polar-
izable force field model, the atomic dynamics of Stochastic-XLMD method converges
to the exact dynamics as ε, T → 0. More specifically, under proper assumptions, we
prove the following bounds for 2-norm errors:
E
(
sup
0≤t≤tf
|rξ(t)− r?(t)| ∨ |pξ(t)− p?(t)|
)
≤ C
(
ε1/2 + ε1/4T 1/2 + T
)
.
Here p?(t) = r˙?(t) is the momentum for the exact dynamics, and similarly pξ(t) =
r˙ξ(t). a ∨ b stands for the maximum of a and b. Our proof is based on the method
of averaging (see e.g. [28]). In particular, when the temperature T ∼ ε1/2, the
convergence rates for both rξ and pξ are O(ε1/2). Since ε−1/2 is proportional to the
highest frequency of the latent dynamics xξ, the convergence rate is optimal.
One feature of the Stochastic-XLMD method is that in contrast to the behavior
of the XL-BOMD method, the convergence rate does not depend on the accuracy
of the initial condition of the latent variable x(0), x˙(0) (from solving the algebraic
equation at t = 0). This is because Stochastic-XLMD has a damping factor, and the
numerical error on the latent variable can only affect the dynamics within a finite time
interval. We study the efficiency of Stochastic-XLMD with respect to the choice of the
damping factor γ, which indicates that γ should be generallyO(1) in order to minimize
the numerical error. This confirms the proper scaling relation with respect to ε in
Eq. (1.7), and that the dissipation term γx˙ξ should not be too large in order to avoid
a strong perturbation of the time-reversible microcanonical dynamics [22]. Numerical
results for model polarizable force field systems verify our theoretical estimates. We
also performed numerical results for systems with non-quadratic interaction energy
with respect to latent variable x, and the numerical behavior is similar to that of the
polarizable force field models.
Organization: The rest of the paper is organized as follows. We study the limit
when ε, T → 0 in terms of time averaging and state the main result, Theorem 1 in
section 2. The proof of the main theorem is given in section 3. The results are justified
by numerical results in section 4, followed by conclusion and discussion in section 5.
2. Method of time averaging. In the discussion below, we denote the momen-
tum variables by p and y, such that p?, pξ are the first order time derivatives of r?, rξ,
respectively, and yξ =
√
εx˙ξ is the rescaled time derivative of xξ. For the polarizable
force field model with a quadratic interaction energy (1.3), the exact dynamics (1.2)
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can be rewritten as
r˙? = p?,
p˙? = F (r?)−
[
1
2
x>?
∂A
∂r
(r?)x? − ∂b
∂r
(r?)
>x?
]
,
0 = b(r?)−A(r?)x?,
(2.1)
with initial values r?(0) and p?(0). Since the evolution of the latent variable x? is
determined by the evolution of r? via x? = A(r?)
−1b(r?), we can then eliminate the
x variable and equivalently write the dynamical system as
r˙? = p?,
p˙? = F (r?)−
[
1
2
b(r?)
>A(r?)−1
∂A
∂r
(r?)A(r?)
−1b(r?)− ∂b
∂r
(r?)
>A(r?)−1b(r?)
]
.
(2.2)
Following Eq. (1.7), the corresponding Stochastic-XLMD method reads
r˙ξ = pξ,
p˙ξ = F (rξ)−
[
1
2
x>ξ
∂A
∂r
(rξ)xξ − ∂b
∂r
(rξ)
>xξ
]
,
x˙ξ = ε
−1/2yξ,
y˙ξ = ε
−1/2 [b(rξ)−A(rξ)xξ]− ε−1/2γyξ + ε−1/4
√
2γTW˙ ,
(2.3)
where ε,γ and T are positive parameters, and W (t) is the standard Brownian motion.
The last equation in (2.3) is a stochastic differential equation (SDE) whose rigorous
interpretation follows the Itoˆ integral formulation, which can be simplified in this case
as
yξ(t)− yξ(0) = ε−1/2
∫ t
0
[b(rξ(s))−A(rξ(s))xξ(s)] ds
− ε−1/2
∫ t
0
γyξ(s)ds+ ε
−1/4√2γTW (t).
Since we are mainly interested in the atomic dynamics, the initial values are assumed
to be accurate, i.e. rξ(0) = r?(0), pξ(0) = p?(0). Note that we only assume xξ(0), yξ(0)
are chosen deterministically. In particular, we do not necessarily have xξ(0) = x?(0).
If γ = T = 0, the SDE (2.3) degenerates to a singularly perturbed ODE, which
is exactly the XL-BOMD approach (1.6). In this case, numerical results show that
the convergence of rε to r? depends sensitively on the initial value of x(0). Figure 2.1
shows that with the inaccurate initial guess for x(0), the XL-BOMD approach gives in-
accurate dynamics, while the Stochastic-XLMD approach gives a much more accurate
approximation (see section 4.1 for the detailed setup). Here we plot the trajectories
of the first entries of r and x, and the total energy.
The difference of the convergence behaviors can be explained by the method of
time averaging in multiscale analysis. Note that the fast dynamics in the XL-BOMD
approach is not ergodic. In fact, the fast dynamics in that case is a Hamiltonian
ODE. Thus any smooth function of the Hamiltonian will lie in the null space of the
corresponding generator. Therefore, the error of the initial values will be carried
through the entire simulation. We refer readers to [6] for an explicit example on how
5
Fig. 2.1: Left: Comparison of the exact MD and XL-BOMD with ε = 10−4. Right:
Comparison of the exact MD and Stochastic-XLMD with ε = 10−4, γ = 0.100 and
T = 10−4. The three rows are the first entry of r, the first entry of x and total energy
1
2 |p|2 + U +Q, respectively.
the initial values influence the entire Hamiltonian dynamics (with strong constraining
potential).
However, in Stochastic-XLMD, the fast Langevin dynamics is ergodic [16, 27],
which means that the stationary movement of (x, y) is independent of the initial
values. Consider the following Langevin dynamics with ε = 1 and fixed r viewed as a
parameter (and we omit the explicit dependence on r in notations for clarity),
x˙ = y,
y˙ = b−Ax− γy +
√
2γTW˙ .
(2.4)
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The system (2.4) is ergodic with an invariant probability density
ρ∞(x, y; r) ∝ exp
(
−|y|
2
2T
)
exp
(
− (x−A
−1b)>A(x−A−1b)
2T
)
.
That is, as t→∞, the solution (x, y) of Eq. (2.4) will converge in distribution to the
invariant distribution regardless of the initial values.
Now we go back to Stochastic-XLMD (2.3) and apply the method of averaging.
Note that the time scale of the oscillation of xξ and yξ is O(ε1/2). If we consider an
intermediate time period [t1, t2], for example, t2− t1 = O(ε1/4), then within this time
period the variable rξ almost remains constant, and the fast variable xξ has already
converged to the invariant distribution. Therefore when ε is small, it is reasonable
to reckon that the slow dynamics of rξ, pξ can be approximated by the averaged
dynamics, in which the fast variable xξ is averaged out with respect to the invariant
measure. This can also be formally derived by the multiscale expansion method (see
for example [28, Chapter 10]).
More specifically, let the averaged dynamics be defined as
r˙ = p,
p˙ = F (r)−
∫
R2d
[
1
2
x>
∂A
∂r
(r)x− ∂b
∂r
(r)>x
]
ρ∞(x, y; r)dxdy.
(2.5)
After explicit evaluation of the integral (see the end of section 3.2 for details), we
arrive at
r˙ = p,
p˙ = F (r)−
[
1
2
b(r)>A(r)−1
∂A
∂r
(r)A(r)−1b(r)− ∂b
∂r
(r)>A(r)−1b(r)
]
− Tg(r), (2.6)
where g(r) = (g1(r), · · · , gd(r))>,
gi(r) =
1
2
∑
k,l
(
∂A
∂ri
)
kl
(
A−1
)
kl
=
1
2
Tr
(
∂A
∂ri
(r)A−1(r)
)
. (2.7)
Compare with the exact MD (2.2), there is only one extra term −Tg(r). Therefore,
we can expect that, as T → 0, the solution (r, p) of (2.6) converges to the exact
solution (r?, p?), and (rξ, pξ) converges to the exact solution (r?, p?) as ε, T → 0.
Since the time averaging relies on the ergodicity of the fast dynamics, it is clear that
the convergence is independent of the initial value of the latent variables.
In order to study the efficiency of Stochastic-XLMD with respect to γ, first let
us consider two limiting scenarios. If γ is very close to 0, the fast dynamics will
be very close to the XL-BOMD dynamics, which leads to inaccurate solutions if the
initial condition of the latent variable is inaccurate. If γ is very large, the noise must
also increase according to the fluctuation-dissipation relation. The fast dynamics
then behaves as the Brownian dynamics, and thus it would take longer to reach the
invariant distribution for a fixed r. We find that the optimal choice of γ should be
O(1), and this will be confirmed by numerical results.
Now we state the main result precisely. We consider a fixed time interval [0, tf ]
with tf fixed and independent of ξ. Throughout the paper we denote by |a| the
absolute value of a if a is a scalar, and the vector 2-norm of a if a is a vector.
‖A‖2, ‖A‖F , ‖A‖∗ denote the matrix 2-norm, the matrix Frobenius norm and the
matrix trace norm, respectively. We make the following assumptions:
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1. A : Rd → Sd++ is a smooth map with globally bounded ‖A‖2,
∥∥∥ ∂A∂rj ∥∥∥∗ ,∥∥∥∂2A∂r2j ∥∥∥∗,
j = 1, · · · , d. Furthermore, there exists a constant κ > 0 such that A(r)  κ
for all r ∈ Rd.
2. b : Rd → Rd is a smooth map with globally bounded |b|,
∣∣∣ ∂b∂rj ∣∣∣ , ∣∣∣ ∂2b∂r2j ∣∣∣, j =
1, · · · , d.
3. F : Rd → Rd is a smooth map with globally bounded
∣∣∣ ∂F∂rj ∣∣∣, ∣∣∣∂2F∂r2j ∣∣∣, j =
1, · · · , d.
4. Initial values for (r?, p?), (rξ, pξ, xξ, yξ) and (r, p) are deterministic, with
r?(0) = rξ(0) = r(0), p?(0) = pξ(0) = p(0).
5. For 0 < T < 1, 0 < ε < 1, γ > 0, the solution (r, p) is bounded independently
of T , and the solution (rξ, pξ, xξ, yξ) is bounded in the sense that
E
(
sup
0≤t≤tf
|xξ(t)|2
)
, E
(
sup
0≤t≤tf
|yξ(t)|2
)
,
E
∫ tf
0
|rξ(s)|4ds, E
∫ tf
0
|pξ(s)|4ds, E
∫ tf
0
|xξ(s)|4ds, E
∫ tf
0
|yξ(s)|4ds
are bounded independently of ε,T and γ.
Here the first three assumptions assure the existence and uniqueness of the smooth,
globally bounded solutions of (2.1) and (2.6), together with the existence and unique-
ness of the solution of (2.3). It is worth mentioning that weakening all the assumptions
is possible by proving some a priori bounds, but we limit ourselves to the simple setup
for expository purposes. Throughout this paper, C will denote a sufficiently large con-
stant of possibly varying size, which is independent of ξ but may depend on other
constant factors such as the final time tf and the dimension d.
Theorem 1. Let (r?, p?) solve the exact MD (2.2) and (rξ, pξ, xξ, yξ) solve the
Stochastic-XLMD (2.3). Then for any 0 < ε < 1, 0 < T < 1, γ > 0 there exists a
constant C > 0 such that
E
(
sup
0≤t≤tf
|rξ(t)− r?(t)| ∨ |pξ(t)− p?(t)|
)
≤C
[(
1
δγ
+
1
δ2γ
)
ε1/2 +
(
γ
δ2γ
+ 1
)
ε1/4T 1/2 + T +
γ
δ3γ
ε1/2T
]
.
where δγ is a γ-dependent positive real number defined as
δγ =
{
γ/4, 0 < γ ≤ 2√κ,
(γ −
√
γ2 − 4κ)/4, γ > 2√κ. (2.8)
Before proceeding with the proof in section 3, several remarks are in order.
Theorem 1 verifies the intuition that ε and T should be small to yield a reasonable
approximation, and provides the convergence order with respect to ε and T . More
specifically, if we fix γ and all other parameters such as tf , then the dominating
part of errors becomes O(ε1/2 + ε1/4T 1/2 + T ), which suggests the optimal strategy
for choosing parameters should be T = O(ε1/2). Therefore the optimal convergence
order with respect to ε is 1/2. The optimality of the convergence order will be verified
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by numerical results in section 4. Theorem 1 also suggests that γ should not be too
large or too small. For fixed ε and T , the error bounds will go to infinity if γ → 0 or
γ →∞. We also remark that the constant C depends exponentially on tf due to the
use of Gronwall’s inequality.
The convergence of XL-BOMD type schemes in the linear response regime has
been studied in [18], where the energy depends quadratically both with respect to r
and x. In such a case, the dynamics is diagonalizable, and the convergence of XL-
BOMD can be studied using perturbation theory with respect to the eigenvalues of the
diagonalized systems. Such a strategy cannot be used for the polarizable force field
model, in which the energy is non-quadratic with respect to r, though it is quadratic
with respect to x.
A rigorous proof of the method of averaging for model SDEs is given in [28, Chap-
ter 17], where the generator of the auxiliary SDE is assumed to be a non-degenerate
elliptic operator and the domain of interest is assumed to be compact. From the
technical perspective, the key of the proof is to apply the Itoˆ formula to the solu-
tion of the Poisson equation (3.5). The aforementioned assumptions facilitates the
growth estimate of the solution of the Poisson equation corresponding to the SDE.
Our proof generalizes the method to the Stochastic-XLMD case, where the generator
of the Langevin equation is a degenerate elliptic operator, and the domain is the whole
space Rd, which requires a more careful study of the Poisson equation (3.5).
The existence and uniqueness of a smooth solution to the Poisson equation can
be assured in a more general case than the quadratic interaction energy [17, 11].
Under proper assumptions such that the interaction energy satisfies the Poincare´
inequality and grows moderately (both of which the quadratic interaction energy
satisfies), the generator is invertible within the space {u ∈ H1(dµ) : ∫ udµ = 0}
where dµ is the invariant measure. This is a result from hypocoercivity [31], which
focuses on the convergence to the stationary state for certain classes of degenerate
diffusive equations. The smoothness of the solution is a straightforward result from
the hypoellipticity [27], which can be traced back to Ho¨rmander [13].
We would also like to mention a series of papers [24, 25, 26], which provide a
more general study of the solution of the Poisson equation on Rd both for the non-
degenerate case and the degenerate case. The solution of the Poisson equation in our
proof (Eq. (3.7)) originates from [26]. Our work generalizes the results of [26, 29]
(though for a much simpler scenario), in the sense that we can describe the explicit
dependence of the constant on parameters such as γ, ε, T , which is needed for the
convergence rate of the Stochastic-XLMD scheme.
3. Proof of the main theorem. In this section we prove Theorem 1 through
combining the following two theorems.
Theorem 2. Let (r, p) solve the averaged dynamics (2.6) and (rξ, pξ, xξ, yξ) solve
the Stochastic-XLMD (2.3). Then for any 0 < ε < 1, 0 < T < 1, γ > 0 there exists a
constant C > 0 such that
E
(
sup
0≤t≤tf
|rξ(t)− r(t)| ∨ |pξ(t)− p(t)|
)
≤ C
[(
1
δγ
+
1
δ2γ
)
ε1/2 +
(
γ
δ2γ
+ 1
)
ε1/4T 1/2 +
γ
δ3γ
ε1/2T
]
.
Theorem 3. Let (r?, p?) solve the exact dynamics (2.2) and (r, p) solve the
averaged dynamics (2.6). Then for any 0 < T < 1, there exists a constant C > 0 such
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that
sup
0≤t≤tf
|r(t)− r?(t)| ∨ |p(t)− p?(t)| ≤ CT.
Note that these two theorems describe two different contributions to the error,
and the combination of them directly implies Theorem 1.
Theorem 3 is a direct result from the theorem of Alekseev and Gro¨bner [10,
Theorem 14.5]. In order to prove Theorem 2, we generalize the method in [28, Chapter
17], where the key is to apply the Itoˆ formula to the solution of the Poisson equation
corresponding to Langevin dynamics. The rest of the proof is organized as follows.
In section 3.1 we first record some useful properties of the Langevin dynamics (2.4).
We then discuss the solution of the Poisson equation in section 3.2. The proof of
Theorem 2 and 3 follows in section 3.3.
3.1. Properties of Langevin Dynamics. We first study the linear SDE (2.4)
with fixed r, of which the solution can be obtained explicitly. We remark that despite
the r dependence in A and b, the bounds of b and A−1 are independent of r by
assumption 1 and 2.
We start with the standard ergodic property of Langevin dynamics. The proof of
Proposition 4 can be found in e.g. [27, Prop. 6.1 and section 3.7].
Proposition 4. Let (x(t), y(t)) denote the solution of SDE (2.4). Let
B =
(
0 −Id
A γId
)
, z(t) =
(
x(t)−A−1b
y(t)
)
.
Then
(a) Let L0 be the generator of the Langevin dynamics (2.4):
L0ψ = y · ∇xψ + (b−Ax− γy) · ∇yψ + γT∆yψ. (3.1)
and the adjoint of L0 is denoted L∗0. Then the probability density function of z(t) is
the solution of the Fokker-Planck equation
d
dt
ρt = L∗0ρt. (3.2)
Furthermore, the density function is explicitly given by
ρt(z) =
1
Zt
exp
[
−1
2
(
z− e−Btz(0))>S−1t (z− e−Btz(0))] ,
where St is given by
St =
∫ t
0
e−Bs
(
0 0
0 2γTId
)
e−B
>sds (3.3)
and Zt is the normalization constant
Zt = (2pi)
d
√
detSt.
(b) The SDE (2.4) is ergodic.
10
(c) There exists a unique invariant density ρ∞(x, y; r) ∈ C∞(Rd × Rd;Rd) such
that
L∗0ρ∞ = 0, ρ∞ > 0.
Furthermore, the invariant measure is a Gaussian distribution in terms of z, which
is mean-zero and its covariance matrix S∞ is defined by (3.3) after taking the limit
t→∞. Equivalently, in terms of x and y, the invariant density ρ∞ is given by
ρ∞ =
1
Z∞
exp
(
−|y|
2
2T
)
exp
(
− (x−A
−1b)>A(x−A−1b)
2T
)
,
where Z∞ is the normalization constant
Z∞ = (2pi)dT d
(√
detA
)−1
.
The convergence rate of the covariance matrix St towards S∞ is recorded in
Proposition 5.
Proposition 5. Let δγ denote the positive real number defined in Eq. (2.8).
Then there exists a constant C > 0 such that
(a) ‖e−Bt‖2 ≤ Ce−δγt,
(b) ‖St −S∞‖2 ≤ C γ
δγ
Te−2δγt.
Proof. See Appendix A.
3.2. Poisson Equation. Define
h(r, x) := F (r)−
(
1
2
x>
∂A
∂r
x−
(
∂b
∂r
)>
x
)
. (3.4)
We are interested in the following Poisson equation corresponding to the Langevin
dynamics.
L0φ(x, y; r) = h(r, x)−
∫
R2d
h(r, x′)ρ∞(x′, y′; r)dy′dx′,∫
R2d
φ(x, y; r)ρ∞(x, y; r)dydx = 0.
(3.5)
Proposition 6. For any 0 < T < 1, γ > 0, there exists a smooth function
φ(x, y; r) which solves the Poisson equation (3.5) and satisfies the estimates
|φ(r, x, y)| ≤ C
[
γ
δ2γ
T +
1
δγ
(1 + |x|2 + |y|2)
]
‖∇(x,y)φ(r, x, y)‖F ≤ C 1
δγ
(1 + |x|+ |y|)
‖∇rφ(r, x, y)‖2 ≤ C
[
γ
δ2γ
T +
1
δγ
(1 + |x|2 + |y|2) + γ
δ3γ
T +
1
δ2γ
(1 + |x|2 + |y|2)
]
,
(3.6)
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where C is a positive constant which is independent of γ, T, r, x, y.
Proof. The proof is constructive. Let
f(x, y; r) = h(r, x)−
∫
R2d
h(r, x′)ρ∞(x′, y′; r)dy′dx′.
Define
v(x, y, t; r) = Ex,yf(x(t), y(t); r),
and
φ(x, y; r) = −
∫ ∞
0
v(x, y, s; r)ds
= −
∫ ∞
0
[
Ex,yh(r, x(s))−
∫
R2d
h(r, x′)ρ∞(x′, y′; r)dy′dx′
]
ds.
(3.7)
Here Ex,y means the expectation with respect to (x(t), y(t)), which is the solution to
the SDE (2.4) with initial values x(0) = x, y(0) = y.
We organize the proof in a few steps below.
(1) φ is well-defined. The key observation is that h is a quadratic function in
x. Hence Ex,yh(r, x(s)) can be computed explicitly as x(s) is a Gaussian random
variable by Proposition 4. Specifically, we still use the notations in Proposition 4 and
let D(s) denote the top d rows of the matrix e−Bs, then
Ex,yhk(r, x(s)) = Ex,y
[
Fk(r)−
(
1
2
x(s)>
∂A
∂rk
x(s)− ∂b
∂rk
>
x(s)
)]
= Fk(r)−Ex,y
(
1
2
(x(s)−Ex,yx(s))> ∂A
∂rk
(x(s)−Ex,yx(s))
)
− 1
2
Ex,yx(s)
> ∂A
∂rk
Ex,yx(s) +
∂b
∂rk
>
Ex,yx(s)
= Fk(r)− 1
2
Tr
(
∂A
∂rk
S11t
)
− 1
2
(
A−1b+ D(s)z
)> ∂A
∂rk
(
A−1b+ D(s)z
)
+
∂b
∂rk
> (
A−1b+ D(s)z
)
,
where S11t is the upper-left d× d block matrix of St.
The second part of the integrand in Eq. (3.7) is the expectation with respect to
x′, y′ with density ρ∞, which can be computed as∫
R2d
hk(r, x
′)ρ∞(x′, y′; r)dy′dx′
= Fk(r)− 1
2
Tr
(
∂A
∂rk
S11∞
)
− 1
2
(
A−1b
)> ∂A
∂rk
A−1b+
∂b
∂rk
>
A−1b. (3.8)
The integrand v in (3.7) can be hereby rewritten as
vk(x, y, s; r)
= −1
2
Tr
[
∂A
∂rk
(S11t −S11∞)
]
− 1
2
z>D(s)>
∂A
∂rk
A−1b− 1
2
b>A−1
∂A
∂rk
D(s)z
− 1
2
z>D(s)>
∂A
∂rk
D(s)z +
∂b
∂rk
>
D(s)z.
(3.9)
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By assumptions, ‖∂A/∂rk‖∗, |b| and ‖A−1‖2 are bounded independently of r, and
Proposition 5 states that ‖S11t − S11∞‖2 is bounded by γδγ Te−2δγt and ‖D(s)‖2 is
bounded by exp(−δγs). Hence there exists a constant C > 0 which is independent of
x, y, r, γ and T such that∣∣∣Tr [ ∂A
∂rk
(S11t −S11∞)
] ∣∣∣ ≤ ∥∥∥ ∂A
∂rk
∥∥∥
∗
‖S11t −S11∞‖2 ≤ C
γ
δγ
Te−2δγt.
We may use the operator norm to bound the other terms and have,
|vk(x, y, s; r)|
≤ C
[
γ
δγ
Te−2δγs + e−δγs(1 + |x|+ |y|) + e−2δγs(1 + |x|2 + |y|2)
]
≤ C
[
γ
δγ
Te−2δγs + e−δγs(1 + |x|2 + |y|2)
]
.
(3.10)
For fixed x, y, the integrand decays exponentially in time, and thus φ is well defined.
(2) φ is a smooth solution to the Poisson equation. The smoothness directly
follows from the computation above. The mean-zero condition with respect to ρ∞
is straightforward from the definition of φ. The result that φ satisfies the Poisson
equation is standard from the Kolmogorov backward equation.
(3) φ allows the estimates (3.6). In fact the first estimate directly follows from
integrating (3.10) and
|φ| ≤ C
[
γ
δ2γ
T +
1
δγ
(1 + |x|2 + |y|2)
]
.
Furthermore, φ is a quadratic function of x and y, then
‖∇(x,y)φ‖F ≤ C
[
1
δγ
(1 + |x|+ |y|)
]
.
In order to estimate ∇rφ, we need to first estimate ∇rD(s) and ∇rS11t . This can
be done by applying the following formula [33]
d
dt
eX(t) =
∫ 1
0
eβX(t)
dX(t)
dt
e(1−β)X(t)dβ.
We have ∥∥∥∥ ∂∂rkD(s)
∥∥∥∥
2
≤
∥∥∥∥ ∂∂rk e−Bs
∥∥∥∥
2
= C
∥∥∥∥∫ 1
0
e−βBs
∂(−Bs)
∂rk
e−(1−β)Bsdβ
∥∥∥∥
2
≤ Cs
∫ 1
0
∥∥e−βBs∥∥
2
∥∥∥∥∂B∂rk
∥∥∥∥
2
∥∥∥e−(1−β)Bs∥∥∥
2
dβ
≤ Cs
∫ 1
0
e−βδγse−(1−β)δγsdβ
= Cse−δγs,
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and ∥∥∥∥ ∂∂rk (S11t −S11∞)
∥∥∥∥
2
≤
∥∥∥∥ ∂∂rk (St −S∞)
∥∥∥∥
2
= C
∥∥∥∥ ∂∂rk
∫ ∞
t
e−Bs
(
0 0
0 2γTId
)
e−B
>sds
∥∥∥∥
2
≤ C
∥∥∥∥∫ ∞
t
∂
∂rk
(e−Bs)
(
0 0
0 2γTId
)
e−B
>sds
∥∥∥∥
2
+ C
∥∥∥∥∫ ∞
t
e−Bs
(
0 0
0 2γTId
)
∂
∂rk
(e−B
>s)ds
∥∥∥∥
2
≤ CγT
∫ ∞
t
∥∥∥∥ ∂∂rk (e−Bs)
∥∥∥∥
2
∥∥∥e−B>s∥∥∥
2
ds
+ CγT
∫ ∞
t
∥∥e−Bs∥∥
2
∥∥∥∥ ∂∂rk (e−B>s)
∥∥∥∥
2
ds
≤ CγT
∫ ∞
t
se−2δγsds
≤ CγT
(
1
δγ
te−2δγt +
1
δ2γ
e−2δγt
)
.
Then Eq. (3.9) indicates∣∣∣∣ ∂∂rk vj(x, y, s; r)
∣∣∣∣
≤ C
[
γ
δγ
Te−2δγs + e−δγs(1 + |x|+ |y|) + e−2δγs(1 + |x|2 + |y|2)
]
+ C
[
γT
(
1
δγ
se−2δγs +
1
δ2γ
e−2δγs
)
+ se−δγs(1 + |x|+ |y|) + se−2δγs(1 + |x|2 + |y|2)
]
≤ C
[
γ
δγ
Te−2δγs + e−δγs(1 + |x|2 + |y|2)
]
+ C
[
γT
(
1
δγ
se−2δγs +
1
δ2γ
e−2δγs
)
+ se−δγs(1 + |x|2 + |y|2)
]
.
Integrate with respect to s and we get
‖∇rφ‖2 ≤ C
[
γ
δ2γ
T +
1
δγ
(1 + |x|2 + |y|2) + γ
δ3γ
T +
1
δ2γ
(1 + |x|2 + |y|2)
]
.
Note that in the proof of Proposition 6, we have already computed
∫
hρ∞ in
Eq. (3.8). This is exactly the average of the right hand side of (2.3) with respect
to the invariant measure of the fast variables x and y, and we obtain an explicit
formulation of the averaged dynamics. Therefore the averaged equation defined as
Eq. (2.5) can be equivalently given as Eq. (2.6).
3.3. Proof of Theorem 2 and 3. Since we have already obtained estimates of
the solution to the Poisson equation for the degenerate Langevin generator, we can
generalize the method in [28] to prove Theorem 2.
14
Proof. [Theorem 2] Notice that the generator for (2.3) is
L = 1√
ε
L0 + L1
where L0 is given in (3.1) and
L1 = p · ∇r + h(r, x) · ∇p.
Now we apply the Itoˆ formula to φ(xξ, yξ; rξ) and obtain
dφ
dt
(xξ, yξ; rξ) =
1√
ε
L0φ(xξ, yξ; rξ) +∇rφ(xξ, yξ; rξ)pξ
+
√
2γT
ε1/4
∇yφ(xξ, yξ; rξ)dW
dt
.
Let us introduce the notation
h¯(r) = F (r)−
(
1
2
b>A−1
∂A
∂r
A−1b− b>A−1 ∂b
∂r
)
(r).
Notice that φ is the solution to the Poisson equation (3.5), and we obtain
dpξ
dt
= h(rξ, xξ)
= h¯(rξ) + Tg(rξ) + L0φ(xξ, yξ; rξ)
= h¯(rξ) + Tg(rξ) + ε
1/2 dφ
dt
(xξ, yξ; rξ)
− ε1/2(∇rφ(xξ, yξ; rξ))pξ − ε1/4
√
2γT∇yφ(xξ, yξ; rξ)dW
dt
.
We define
θ(t) = φ(xξ(t), yξ(t); rξ(t))− φ(xξ(0), yξ(0); rξ(0))
−
∫ t
0
(∇rφ(xξ(s), yξ(s); rξ(s)))pξ(s)ds,
and the martingale term
M(t) = −
∫ t
0
√
2γ∇yφ(xξ(s), yξ(s); rξ(s))dW (s).
Then we have
pξ(t) = pξ(0) +
∫ t
0
[
h¯(rξ(s)) + Tg(rξ(s))
]
ds+ ε1/2θ(t) + ε1/4T 1/2M(t).
If we compare this with the averaged equation (2.6)
p(t) = p(0) +
∫ t
0
[
h¯(r(s)) + Tg(r(s))
]
ds,
and use the initial condition pξ(0) = p(0), then we have
pξ(t)− p(t) =
∫ t
0
[
h¯(rξ(s))− h¯(r(s)) + Tg(rξ(s))− Tg(r(s))
]
ds
+ ε1/2θ(t) + ε1/4T 1/2M(t).
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For r we simply have
rξ(t)− r(t) =
∫ t
0
[pξ(s)− p(s)] ds.
Define the error function
e(t) =
(
rξ(t)− r(t)
pξ(t)− p(t)
)
and the Lipschitz constant
L = max
{
1, sup
r∈Rd
∥∥∥∥∂h¯∂r
∥∥∥∥
2
+ sup
r∈Rd
∥∥∥∥∂g∂r
∥∥∥∥
2
}
.
Then for any t ∈ [0, tf ],
|e(t)| ≤ L
∫ t
0
|e(s)|ds+ ε1/2|θ(t)|+ ε1/4T 1/2|M(t)|.
By Proposition 6, we obtain
sup
0≤t≤tf
|θ(t)| ≤ C γ
δ2γ
T + C
1
δγ
+ C
1
δγ
sup
0≤t≤tf
(|xξ(t)|2 + |yξ(t)|2)
+ C
(
γ
δ2γ
+
γ
δ3γ
)
T
∫ tf
0
|pξ(s)|ds
+ C
(
1
δγ
+
1
δ2γ
)∫ tf
0
|pξ(s)|(1 + |xξ(s)|2 + |yξ(s)|2)ds
and
E
(
sup
0≤t≤tf
|θ(t)|
)
≤ C
(
γ
δ2γ
T +
γ
δ3γ
T +
1
δγ
+
1
δ2γ
)
.
For the martingale term, the Itoˆ isometry gives
E| 〈M〉t |2 ≤ C
∫ t
0
2γE‖∇yφ(rξ(s), xξ(s), yξ(s))‖2F ds ≤ C
γ
δ2γ
,
where 〈M〉t is the quadratic variation of the martingale M(t) (Definition 3.18, [28]).
By taking expectation of the inequality | 〈M〉t |1/2 ≤ | 〈M〉t |2 + 1, we have
E| 〈M〉t |1/2 ≤ C
γ
δ2γ
+ 1.
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Hence, by the Burkholder-Davis-Gundy inequality (Theorem 3.22, [28]), we obtain
E
(
sup
0≤t′≤t
|e(t′)|
)
≤ L
∫ t
0
E|e(s)|ds+ C
(
γ
δ2γ
T +
γ
δ3γ
T +
1
δγ
+
1
δ2γ
)
ε1/2
+ ε1/4T 1/2E
(
sup
0≤t′≤t
|M(t′)|
)
≤ L
∫ t
0
E|e(s)|ds+ C
(
γ
δ2γ
T +
γ
δ3γ
T +
1
δγ
+
1
δ2γ
)
ε1/2
+ Cε1/4T 1/2E| 〈M〉t |1/2
≤ L
∫ t
0
E sup
0≤τ≤s
|e(τ)|ds+ C
(
γ
δ2γ
T +
γ
δ3γ
T +
1
δγ
+
1
δ2γ
)
ε1/2
+ C
(
γ
δ2γ
+ 1
)
ε1/4T 1/2.
By the integral version of the Gronwall inequality, we obtain
E
(
sup
0≤t≤tf
|e(t)|
)
≤ C
[(
γ
δ2γ
T +
γ
δ3γ
T +
1
δγ
+
1
δ2γ
)
ε1/2 +
(
γ
δ2γ
+ 1
)
ε1/4T 1/2
]
≤ C
[(
1
δγ
+
1
δ2γ
)
ε1/2 +
(
γ
δ2γ
+ 1
)
ε1/4T 1/2 +
γ
δ3γ
ε1/2T
]
.
Now we move on to Theorem 3. Compared to the exact dynamics, the averaged
equation formally only involves one additional term, which can be handled by the
variational equation.
Proof. [Theorem 3] Define Ψ(t, s, η, ζ) to be the resolvent of the variational equa-
tion
Ψ˙(t, s, η, ζ) =
(
0 Id
∂h¯
∂r (u
s,t(η, ζ)) 0
)
Ψ(t, s, η, ζ),
Ψ(s, s, η, ζ) = I2d
where us,t(η, ζ) is the solution to the averaged equation (2.6) with starting time at s
and initial value r(s) = η and p(s) = ζ. By assumption 1, 2 and 3, ∂h¯∂r is bounded
independently of η, ζ, thus Ψ is bounded independently of T .
Then by the theorem of Alekseev and Gro¨bner [10, Theorem 14.5],(
r(t)
r˙(t)
)
=
(
r?(t)
r˙?(t)
)
+ T
∫ t
0
Ψ(t, s, r(s), r˙(s))
(
0
g(r(s))
)
ds.
We hereby obtain the desired estimate.
4. Numerical examples. In this section we verify the accuracy and the or-
der of convergence indicated in Theorem 1. We also demonstrate the efficiency of
Stochastic-XLMD in terms of the reduction of the number of SCF iterations, i.e. the
number of iterations in solving Eq. (1.2b) with iterative methods. We demonstrate
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the accuracy and efficiency of the Stochastic-XLMD method for model polarizable
force field calculations in Section 4.1 and 4.2. Although our theory is developed for
interaction energy Q that is quadratic with respect to x, numerical results indicate
that the Stochastic-XLMD method is also applicable to Q that has more general de-
pendence on x. In Section 4.3 we provide such results for a model problem. We further
demonstrate the application to a realistic polarizable water problem with long time
simulation in Section 4.4. All the calculations for the model problems were carried
out using MATLAB on the Berkeley Research Computing program at the Univer-
sity of California, Berkeley. Each node consists of two Intel Xeon 10-core Ivy Bridge
processors (20 cores per node) and 64 GB of memory.
4.1. Accuracy. Let us consider a simple two dimensional model
U(r) = r21 + r
2
2 = |r|2, F (r) = −
∂U
∂r
,
A(r) =
(
2 + |r|2 |r|2
|r|2 1 + |r|2
)
,
b(r) = (sin(r1 + r2), cos(r1 − 2r2))>.
Initial values for the exact MD are
r?(0) = (0.587,−0.810)>, p?(0) = (−1.00, 0.500)>. (4.1)
Initial values for the Stochastic-XLMD are
rξ(0) = r?(0), pξ(0) = p?(0), xξ(0) = x?(0) + (0.500,−0.500)>, yξ(0) = (0, 0)>.
The Verlet scheme is used to propagate the exact MD, and the BAOAB scheme [16]
is used to propagate the Stochastic-XLMD. The time step size is fixed to be 5.00 ×
10−6, which is small enough for all the numerical solutions generated in this subsec-
tion to be regarded as the exact analytic solution under the same parameters. Other
than the long time simulation reported at the end of this subsection, the time interval
is fixed to be [0, 5], and all reported errors are the averaged errors of 10 independent
simulations.
First, Theorem 1 assumes that γ should be O(1). To confirm that such choice
can yield the optimal error, we adjust γ with respect to various choices of ε and T .
Figure 4.1 indicates that in order to minimize the error, the optimal value of γ is
indeed a constant and is around 0.100 for this example.
Now we fix γ = 0.100 and T = 10−5 and study the dependence on ε. Figure 4.2
shows that under such choice of γ and T , the errors of r and p decrease as ε becomes
smaller. The order of convergence, estimated using data points with ε ≤ 10−4, is 0.402
for r and 0.509 for p. Furthermore, there is no essential difference among different
choices of T = 10−4, 10−5, 10−6. This is because T is sufficiently small so that the
error is dominated by the averaging error shown in Theorem 2. Also, since T is very
small, the O(ε1/4T 1/2) term almost vanishes and we can only observe the half order
convergence with respect to ε.
Then we fix γ = 0.100 and study the dependence on T with ε = 10−4, 10−5, 10−6.
Figure 4.3 shows that when T decreases, the errors of r and p decrease accordingly,
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Fig. 4.1: Errors of rξ and pξ under different choices of γ.
until limited by the systematic error due to ε. The numerical order of convergence,
estimated using the first five points with ε = 10−6, is 0.964 for r and 0.933 for p. In
this case, ε is small enough and we can only observe the ε-independent part of the
contribution of the error as described in Theorem 3.
Our analysis indicates that the optimal strategy for choosing ε and T is that
T ∼ √ε. To confirm this, Figure 4.4 shows the errors with γ = 0.100 and T = √ε.
Under such scaling, both r and p converges as ε → 0. The order of convergence,
estimated by data points with ε ≤ 2.00 × 10−4, is 0.505 for r and 0.506 for p. This
yields excellent agreement with Theorem 1.
All the numerical convergence orders are collected in Table 4.1.
To conclude this example, we perform a long time simulation up to Tf = 100 and
observe how the errors of Stochastic-XLMD accumulate in energy, which is computed
as
Eξ(t) =
1
2
|pξ(t)|2 + U(rξ(t)) + 1
2
xξ(t)
>A(rξ(t))xξ(t)− b(rξ(t))>xξ(t).
We fix the parameter γ = 0.1, and choose T =
√
ε with different choices of ε. Unlike
previous short time simulations, we only perform a single long time simulation for
each choice of parameter. Figure 4.5 shows the results with ε = 5 × 10−5 and ε =
10−5, together with the exact energy of the system (around 1.537). We observe that,
although the initial condition is artificially perturbed, resulting in the initial energy
to be around 1.912, stochastic-XLMD can correct the energy within a few time steps.
Specifically, in this example, the error of energy is corrected to be very close to the
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Fig. 4.2: Errors of rξ and pξ under different choices of ε
Fig. 4.3: Errors of rξ and pξ under different choices of T .
exact energy within t = 0.3. As we proved, smaller ε results in smaller energy drift.
Furthermore, numerically the long time drift of the energy seems mild and grows
linearly with respect to time.
4.2. Efficiency. After establishing the accuracy of Stochastic-XLMD method,
we demonstrate that with proper choice of parameters, Stochastic-XLMD indeed im-
proves the efficiency by reducing the number of iterations for solving the nonlinear
system (1.2b). This is the case for the polarizable force field model as proved in
Theorem 1.
Let r ∈ R3 and x ∈ R20. Consider F = −∂U/∂r with
U =
1
4
|r|4 + 1
100
cos(400(r1 + r2 + r3)).
For the polarizable force field model, the non-zero entries in A are given by Ak,k =
2+|r|2, Ak,k+1 = Ak+1,k = −1, Ak,k+2 = Ak+2,k = (1−|r|2)/2. bk = sin(kr2/10+(1−
k/20)r2 + r3), k = 1, · · · , 20. The choice of parameters are motivated from practical
polarizable force field calculations, where the force F is strong and dominates the
20
Fig. 4.4: Errors of rξ and pξ under different choices of ε and T with ε =
√
T .
Fig. 4.5: Energy of the long time simulation (left) and a zoom-in view at the beginning
(right) under different choices of ε, T =
√
ε and γ = 0.1.
dynamics at short time scale, while the interaction energy affects the dynamics at
long time scale. The time interval is fixed to be [0, 5]. Initial values are r(0) =
(0, 0.500, 1.00)>, p(0) = (1.00, 0.500,−1.00)>.
We compare numerical performance of MD (directly propagating MD (1.2)) and
Stochastic-XLMD. For MD, we use the Verlet scheme to propagate the dynamics,
and use the conjugate gradient method (CG) to solve the SCF iterations (i.e., solving
the linear system). The reference solution is obtained with MD with a very small
time step size 2.50× 10−6, and the SCF tolerance (measured in terms of the residue
|b − Ax|) is set to 10−10. For Stochastic-XLMD, the BAOAB scheme is used for
time propagation, and the time step size 1/2500. Other parameters are chosen to be
ε = 5.00 × 10−7, T = √ε/1000, γ = 0.500. In order to demonstrate the efficiency of
Stochastic-XLMD, we perform MD simulation with the same time step size 1/2500.
The stopping criteria is set to be 10−6. We remark that such choice of tolerance
is at the threshold, in the sense that the error of p indeed increases if we set the
tolerance to be larger. Such parameters are chosen such that all the dynamics are
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fixed parameter variable order for rξ order for pξ
γ = 0.100, T = 10−5 ε 0.402 0.509
γ = 0.100, ε = 10−6 T 0.964 0.933
γ = 0.100 ε, T =
√
ε 0.505 0.506
Table 4.1: Numerical convergence orders for rξ and pξ.
Method Errors of r Errors of p Number of Ax Number of (∂rkA)x
MD 0.0507 0.228 100392 37503
Stochastic-XLMD 0.0401 0.295 12518 37503
Table 4.2: Numerical errors and computational costs of MD and Stochastic-XLMD
applied to the polarizable force field model.
almost indistinguishable with the reference solution till t = 3 and remain reasonably
accurate within the whole time interval. See Figure 4.6 for a comparison of r and p
obtained by different methods.
Table 4.2 compares numerical errors and computational costs of MD and Stochastic-
XLMD. Here the error in Stochastic-XLMD reported is computed by taking average
of 10 independent simulations. The computational cost is measured by the number
of matrix-vector multiplications. In each time step, the number of Ax is equal to the
number of SCF iterations plus one. We find that Stochastic-XLMD achieves similar
accuracy compared to MD, but reduces the number of SCF iterations by 87.5%. Af-
ter taking into account the matrix-vector multiplication operations due to (∂rkA)x
for computing the force, Stochastic-XLMD still reduces the total matrix-vector mul-
tiplications by 63.7%.
4.3. General form of interaction energy. Numerical results indicate that the
same behavior can also be observed for more general interaction energy that is non-
quadratic with respect to x as well. In both cases, the interaction energy is nonlinear
with respect to r.
Next we test the effectiveness and efficiency of Stochastic-XLMD applied to a
system with interaction energy Q that is non-quadratic with respect to x. More
specifically, we set
Q =
1
2
x>A(r)x− x>b(r) + 0.150
(
|x|2 + 1
2
20∑
k=1
sin(2xk)
)
.
Such choice of Q will ensure that the Hessian matrix with respect to x is uniformly
positive definite, which means that the system of nonlinear equations
0 = −∂Q
∂x
has a unique solution and the dynamics is well-defined.
We use Anderson mixing without preconditioning [5] to solve the system of nonlin-
ear equations, and all other numerical treatments remain to be the same. In Anderson
mixing, the SCF tolerance is chosen to be 10−6. Such choice is again relatively tight,
and further increase of the tolerance will increase the numerical errors in both r and
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Fig. 4.6: Comparison of r and p obtained by MD and Stochastic-XLMD applied to
the polarizable force field model.
p. The mixing parameter α is set to be 0.100 to ensure convergence, and the mix-
ing dimension is 5. The reference solution is obtained with very small time step size
2.50×10−6. In the MD simulation, the time step size is chosen to be 1/2000, while the
time step size in Stochastic-XLMD is 1/2500. Other parameters in Stochastic-XLMD
are ε = 2.50×10−7, T = √ε/10000, γ = 0.100. Again, such parameters are chosen for
all the dynamics to be almost indistinguishable with the reference solution till t = 3.5
and remain reasonably accurate within the whole time interval. See Figure 4.7 for a
comparison of r and p obtained by different methods.
Table 4.3 compares numerical errors and computational costs of MD and Stochastic-
XLMD. Here the error in Stochastic-XLMD reported is computed by taking average
of 10 independent simulations. The computation cost is measured by the number of
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Fig. 4.7: Comparison of r and p obtained by MD and Stochastic-XLMD applied to
the nonlinear example.
Method Errors in r Errors in p Number of nonlinear evaluations
MD 0.0459 0.318 128763
Stochastic-XLMD 0.0540 0.301 12601
Table 4.3: Numerical errors and computational costs of MD and Stochastic-XLMD
applied to the nonlinear example.
the number of nonlinear evaluations, in particular, the number of evaluating ∂Q/∂x.
In each time step, this number is equal to the number of SCF iterations plus one. Sim-
ilarly with the polarizable force field model, numerical errors of MD and Stochastic-
XLMD are comparable, while 90.2% of nonlinear evaluations are reduced by using
Stochastic-XLMD.
4.4. Polarizable model for water. We have also applied the Stochastic-XLMD
approach to a more realistic atomic polarizable model for 512 water molecules sim-
ulated with the AMOEBA polarizable force field [15]. Figure 4.8a provides a com-
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Fig. 4.8: Comparison of total energy drift rates and auxiliary temperatures obtained
using XLMD, Nose Hoover iEL/0-SCF, and the Stochastic-XLMD method applied to
the polarizable water AMOEBA14 [15] potential energy model. (a) Energy drift rates
(kcal/mol/ps) were found to decrease in order from Nose-Hoover iEL/0-SCF (blue,
−9.032×10−3), Stochastic-XLMD with γ = 10−5 (yellow, −8.431×10−3), Stochastic-
XLMD with γ = 10−6 (grey, −3.139× 10−3), and XLMD (red, −7.518× 10−4). For
comparison, the total energy drift rate with a standard pre-conditioned conjugate-
gradient self-consistent field method[32] is −8.326 × 10−4 kcal/mol/ps using a 10−6
RMS Debye dipole convergence criteria. (b) the auxiliary temperature over time shows
that there is a kinetic buildup of error that is not dissipated in the XLMD approach,
whereas the kinetic energy is well-dissipated by the thermostatting methods. The
MD simulation is comprised of 512 water molecules simulated for 100 ps in the NVE
Ensemble with a 0.5 fs time-step, and energy and temperature reported at a 0.1 ps
output rate. For the Nose-Hoover iEL/0-SCF and Stochastic-XLMD results, γaux =
0.9.
parison of energy conservation in the NVE ensemble (a vital quantity for correct
Hamiltonian dynamics) between the original iEL/0-SCF method [4] and Stochastic-
XLMD and XLMD simulations. The difference in methods applied to this real world
polarizable system resides in the treatment of the auxiliary thermostats, and thus we
also report the kinetic energy proxy for the latent variables in Figure 4.8b.
For the original iEL/0-SCF approach, the temperature of the auxiliary degrees of
freedom are controlled with a 4th order Nose-Hoover thermostat [2, 4], and requires the
determination of an optimal value of γaux=dt
2/(2ε) for best energy conservation [2, 4],
where dt is the time step size. For the Stochastic XLMD method we have determined
optimal γ values of 10−5 to 10−6 for γaux = 0.9 to generate acceptable energy drift on
par with the original iEL/0-SCF. In fact the energy drift rate of the XLMD approach
is comparable to that of a standard self-consistent field iterative procedure [32] with
reasonably tight convergence, as is confirmed in Figure 4.8a. This would suggest that
the thermostatted methods offer no significant advantage to XLMD!
However, trajectories of the auxiliary temperature over time shows that while
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XLMD does conserve energy better than Stochastic-XLMD or Nose-Hoover on the
short timescale, there is a kinetic buildup of error that is not dissipated in the XLMD
approach (Figure 4.8b). This corruption of the auxiliary dynamics will ultimately
feed back into the real degrees of freedom, creating “resonances” that will result
in long-term instability of the XLMD algorithm. By contrast, Stochastic-XLMD
and Nose-Hoover iEL/0-SCF methods control the kinetic energy buildup better than
XLMD, as expected. For a choice of γ=10−5, the Stochastic-XLMD method is a
good compromise between energy conservation and long term stability; furthermore
Stochastic-XLMD is an excellent alternative to Nose-Hoover thermostats because of
its lighter weight overhead compared to thermostatted chains.
5. Conclusion. In this work, we consider a stochastic-extended Lagrangian
molecular dynamics method, by introducing numerical fluctuation and dissipation
through a Langevin type thermostat. For a simple polarizable force field model, with
a suitable choice of the Lagrangian, we yield the Stochastic-XLMD method which
generalizes the recently proposed iEL/0-SCF method [21, 4, 3]. We prove that the
Stochastic-XLMD method converges to accurate dynamics, and the convergence rate
is sharp with respect to the singular perturbation parameter ε and the numerical
temperature T . We also analyze the impact of the damping factor in the Langevin
dynamics and identify the optimal choice. While our analysis is done for a simple
polarizable force field model where the interaction energy is quadratic with respect to
the latent degrees of freedom, we have shown that our results can be generalized to
accommodate more general interaction energy forms such as the atomistic polarizable
model AMOEBA for liquid water.[15] Interesting future directions include theoretical
understanding of the convergence of the Stochastic-XLMD scheme for other models
such as the Kohn-Sham density functional theory or for reactive force fields [30], and
the convergence of the original iEL/0-SCF scheme in the absence of noise.
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Appendix A. Proof of Proposition 6.
(a) Since A is a positive definite matrix, there exist λ1 ≥ · · · ≥ λd > 0 and an
orthonormal basis {vk}dk=1 of Rd which satisfy
Avk = λkvk, k = 1, · · · , d.
Define
U = (U1, · · · ,Ud) ∈ R2d×2d
where
Uk =
1√
2
(
vk vk
vk −vk
)
∈ R2d×2.
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It is easy to check U is an orthogonal matrix. Define
U>BU =: J =
 J11 · · · J1d... ...
Jd1 · · · Jdd
 ∈ R2d×2d
with Jkl ∈ R2×2 given by
Jkl = U
>
kBUl =
1
2
(
v>k v
>
k
v>k −v>k
)(
0 −Id
A γId
)(
vl vl
vl −vl
)
=
1
2
(
v>k Avl + (γ − 1)v>k vl v>k Avl + (1− γ)v>k vl
−v>k Avl + (−1− γ)v>k vl −v>k Avl + (1 + γ)v>k vl
)
=
1
2
(
(λl + γ − 1)v>k vl (λl − γ + 1)v>k vl
(−λl − γ − 1)v>k vl (−λl + γ + 1)v>k vl
)
.
Note that v>k vk = 1 and v
>
k vl = 0 if k 6= l. Therefore Jkl = 0 if k 6= l and
U>BU = J =
 J11 . . .
Jdd

with
Jkk =
1
2
(
λk + γ − 1 λk − γ + 1
−λk − γ − 1 −λk + γ + 1
)
.
Then we have
‖e−Bt‖2 = ‖U>e−JtU‖2 = ‖e−Jt‖2 = max
1≤k≤d
‖ exp(−Jkkt)‖2. (A.1)
Hence it is sufficient to find an upper bound for each ‖ exp(−Jkkt)‖2.
For notational simplicity, we will drop the subscript for Jkk and λk, as the argu-
ment is identical for each k. We have
J2 − γJ + λI2 = 0, (A.2)
which can be obtained by noticing that x2 − γx + λ is the characteristic polynomial
of J and applying Cayley-Hamilton Theorem. From Eq. (A.2) we have
Jn+2 = γJn+1 − λJn, ∀n. (A.3)
We now compute exp(−Jt) explicitly using the above recursion relation. Define the
roots of the characteristic polynomial to be
µ± =
γ ±
√
γ2 − 4λ
2
.
Note that µ± can be complex if γ2 < 4λ. We have
Jn+2 − µ+Jn+1 = µ−(Jn+1 − µ+Jn),
Jn+2 − µ−Jn+1 = µ+(Jn+1 − µ−Jn),
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then
Jn+1 − µ+Jn = µn−(J − µ+I),
Jn+1 − µ−Jn = µn+(J − µ−I).
If γ2 − 4λ 6= 0, then µ+ 6= µ− and we have
Jn =
1
µ+ − µ−
[
µn+(J − µ−I)− µn−(J − µ+I)
]
.
Then
e−Jt =
∞∑
n=0
1
n!
(−1)ntnJn
=
J − µ−I
µ+ − µ−
∞∑
n=0
1
n!
(−µ+t)n − J − µ+I
µ+ − µ−
∞∑
n=0
1
n!
(−µ−t)n
=
J − µ−I
µ+ − µ− e
−µ+t − J − µ+I
µ+ − µ− e
−µ−t
= M (k)γ e
−δ(k)γ t,
(A.4)
where
δ(k)γ =
{
γ/2, 0 < γ ≤ 2√λk,
(γ −
√
γ2 − 4λk)/2, γ > 2
√
λk,
(A.5)
and
M (k)γ =

I cos
(√
4λk−γ2
2 t
)
− 2Jkk−γI√
4λk−γ2
sin
(√
4λk−γ2
2 t
)
, 0 < γ < 2
√
λk,(
1 + γt2
)
I + tJkk, γ = 2
√
λk,
I + Jkk−µ−I√
γ2−4λk
[
exp(−
√
γ2 − 4λkt)− 1
]
, γ > 2
√
λk.
(A.6)
The case γ = 2
√
λk can be obtained by taking the limit γ → 2
√
λk from either side.
We now prove that there exists a constant C > 0 independent of γ and t such
that
‖M (k)γ e−δ
(k)
γ t/2‖2 ≤ C. (A.7)
In fact, if γ > 3
√
λk, then
Jkk−µ−I√
γ2−4λk
is bounded independently of γ, and e−
√
γ2−4λkt
is bounded by 1. Thus M
(k)
γ is bounded. If 0 < γ <
√
λk, then by the fact that
2Jkk−γI√
4λk−γ2
is bounded independently of γ, M
(k)
γ is also already bounded. Now we
assume
√
λk ≤ γ ≤ 3
√
λk, which means that γ, δ
(k)
γ and 1/δ
(k)
γ are all bounded so
we can put all the γ dependence in the constant C and only focus on t-dependence.
Using the fact that | sinx/x| and |(e−x − 1)/x)| are both bounded by 1, and te−δ(k)γ t
is also bounded, we can obtain the desired estimate in (A.7).
Finally, substitute Eq. (A.4) and estimate (A.7) into Eq. (A.1), we obtain
‖e−Bt‖2 = max
1≤k≤d
‖ exp(−Jkkt)‖2 ≤ max
1≤k≤d
Ce−δ
(k)
γ t/2 ≤ Ce−δγt.
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(b) According to Eq. (3.3)
‖St −S∞‖2 ≤ CγT
∫ ∞
t
‖e−Bs‖2‖e−B>s‖2ds
≤ CγT
∫ ∞
t
e−2δγsds
≤ C γ
δγ
Te−2δγt.
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